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The commutative invariant theory of the finite subgroups of SL(2,C) (the binary polyhedral 
groups) is classical; it was developed in the 19th century. In this article, we will be concerned with 
the noncommutative invariant theory of these groups. 
1. Introduction and notation 
The finite subgroups of SL(2, C), also called the binary polyhedral groups because 
of their geometrical importance, can be completely classified; classical discussions 
of this can be found in, e.g., [3] and [8, Neunter Abschnitt]. See also [6, Chapter 41. 
Let I/ be a two-dimensional complex vector space with basis X, Y. We define an 
action of SL(2,C) on I/ by the formulas 
g P1.X=uX+bY, g-‘.Y=cX+dY, 
where 
g= ; ; ( > E SL(2, C). 
Then SL(2, C) also acts on the commutative polynomial algebra A = C[X, Y] and 
on its noncommutative counterpart A = C(X, Y). If G is a subgroup of SL(2, C), we 
denote the invariant subalgebras by AC and A’, respectively. All these algebras 
are graded, and we denote by A, etc. the subspace consisting of homogeneous 
polynomials of degree m. Discussions of the commutative invariant algebras can 
also be found in [3,6,8]. 
2. Some noncommutative algebra 
The space A, has the structure of a module over the symmetric group S,, where 
S,, acts by permuting the factors. It is obvious that this action commutes with the 
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action of SL(2, C), whence the invariant subspace A”: is also an S,-module, where 
G is a subgroup of SL(2,C). It is convenient to regard A, (AZ) as the maximal 
trivial sub-&-module of A, (2:). We denote this embedding of A, in A, by 
f -_?. If, for instance, f=X2+XY, then _?=X2++(XY+ YX). 
Denote the number of components in the decomposition of a$ into irreducible 
&-modules by a,(G). Define a ‘false’ Hilbert series fi by 
A#‘, t)= c a,(G)t”. 
m>O 
It is proved in [7, p. 72ff] that if G is a binary polyhedral group, then 
where H(A ‘, t) is the ordinary Hilbert series of the algebra A ‘, 
H(A ‘, t) = c (dim, Az)tm. 
III20 
There it is also proved that A(A”‘, t) equals the Hilbert series of the commutative 
algebra S( V@ A2 V)G, where the elements of A2V are given the degree 2. Here 
S(W) denotes the symmetric algebra over the vector space IV. We note that 
as SL(2,C)-modules, and that A2F’ is a trivial one-dimensional SL(2,C)-module 
generated by XA Y. This indicates that there is a correspondence between the 
irreducible S,-components of A: and elements of S(1/@/12V)z. We are now 
going to exhibit such a correspondence explicitly. 
The irreducible modules over S, are indexed by partitions 1 of m. Let M’ be the 
irreducible &-module corresponding to the partition A. Let further T be a stan- 
dard tableau of shape A an let CT (R,) be the subgroup of S, stabilizing the 
columns (the rows) of T. Put 
this is an element of the group algebra C[S,]. Apart from a factor, cr is a primitive 
idempotent corresponding to the module M’ (see 11, Chapter 31). 
Since there is only one standard tableau of shape (m), no confusion can arise if 
we write E, instead of cr. Then E, is the symmetrizing operator. We can now 
prove the first main result. 
Theorem 1. Let f = CrzOaiXr-‘Y’~A,., f#O. Then 
(XY- YX)V 
generates an irreducible sub-SZq+,-module of 22q+r isomorphic to MCqirsq). Fur- 
Noncommutative invariants 189 
thermore, if we letf., Osirr, be a basis of A,, andput tqrj=(XY- YX)“x., then 
Am=2q$z” (6 w&,,;). 
i=o 
Proof. Let Tq,,r be the standard tableau of shape (q+ r, q) with the numbers 
1,3, . ..) 2q - 1,2q + 1,2q + 2,. . . ) 2q + r in the first row and 2,4, ,.. ,2q in the second. 
Put 
y=BFCr(sgne)e and a= c 71, 
iTERr 
so that &r = ~8. Then 6 symmetrizes over the factors in position 1,3, . . . ,2q - 1, 
2q-t 1,2qy2 ,..., 2q+r, and 2,4 ,..., 2q in (XY)4 ~~=OaiXr-‘Y’cAZq+r. The 
effect of symmetrizing in the positions 2,4, . . . , 2q is trivial, since there are only Y’s 
in these positions. If a term in c~((XY)~ CjCOa,X’-‘Y’) contains more than q Y’S 
in the first 2q positions, then it is killed by y. Hence 
ET,,,((XY)~) ;gO alX’-iYi= ~((XY)~lfl 
(possibly apart from a factor), since y does not affect the last r factors. But 
y((xY)q) = (XY - YAy, 
which proves the first part of the theorem. 
The number of irreducible components generated by the rqri such that 2q + r = m, 
0 5 i 5 r, equals 
2q;=m @-+ lL 
and since 
m;. (zq:=m(r+ l))f”= (1 -t&-P) ’ 
this proves the second part, if we take G = {l} in the formula for A@%‘, t) given 
above. 0 
Remark 1. It is of course a classical result that the irreducible sub-&-modules of 
A, must correspond to partitions of length 52. 
Remark 2. Since XY- YX is the standard polynomial in the two variables X and 
Y, it is invariant under the whole group SL(2, C). 
Remark 3. It is natural to let the S,-module generated by (XY- YX)q~,(X’-iYi) 
in A2q+r correspond to (XA Y)qX’-iYi in S(V@A*V),,+,.. 
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3. The noncommutative invariants 
Let G be a finite subgroup of SL(2, C). It is known that the noncommutative in- 
variant algebra C(X, Y)’ is not finitely generated as a C-algebra (if G is not 
trivial), since G does not act as a group of scalar matrices (see [2] and [5]). Here 
we will exhibit a finite set of elements of C(X, Y)’ that generates this algebra 
together with the ordinary algebra operations and permutations of the factors in 
homogeneous polynomials (such a set may be called a set of S-algebra generators; 
for more material on S-algebras, see 141). Let us first note that the map f uf”is an 
SL(2,6)-map. We can now prove 
Theorem 2. The invariant algebra AC is generated by the image of AC in A- ex- 
tended by the polynomial XY- YX. 
Proof. If f e A:, then J generates a one-dimensional trivial sub-S,-module of A:, 
and the sub-Szq+,-module of A$ +T g enerated by (XY- YX)qf is isomorphic to 
M(Q+r,q). Hence the number of irreducible components in the subspace of AZ 
generated by XY- YX and AZ equals 
,,z=, (dim&% 
But now 
= @AC, t), 
which means that this subspace is the whole of AZ. This proves the theorem. 0 
Remark 4. It follows from [7, p. 181, that C(X, Y)sL(2,c) is generated by XY- YX 
as an S-algebra, and from p. 73 (or from Theorem 2.1 above) that 
A(C<X, Y)sL(2,c), 1) = J- 
I-t2’ 
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